In the modern biomedical image reconstruction literature, the quality of a reconstructed image is often numerically quantified using scalar error measures such as mean-squared error or the structural similarity index. While such measures provide a rough summary of image quality, they also suffer from well-known limitations. For example, a substantial amount of information is necessarily lost whenever the characteristics of a high-dimensional image are summarized by a single number. In this work, we introduce the Fourier radial Error Spectrum Plot (ESP), which provides a novel and more nuanced assessment of error by decomposing the error into its different spatial frequency components. The usefulness of ESP is illustrated in the context of MRI reconstruction from undersampled data. In addition, we demonstrate that the extra dimension of insight provided by ESP can be used to improve the performance of existing image reconstruction techniques.
INTRODUCTION
Quantitative image quality assessment is often a key part of the evaluation of image reconstruction methods for biomedical imaging. In the presence of a (vectorized) gold-standard reference image p * ∈ C N , it is common in the MRI literature to evaluate the quality of an image estimatep ∈ C N using quantitative error metrics such as the normalized root mean-squared error (NRMSE) [1] 
the perception-inspired structural similarity index (SSIM) [2] , and more specialized measures such as the high-frequency error norm (HFEN) [3] which tries to quantify the quality of edges and other fine image features by computing the NRMSE after high-pass filtering both p * andp. While each of these error measures can provide useful insight into different aspects of image quality, there are many This work was supported in part by research grants NSF CCF-1350563, NIH R21 EB022951, NIH R01 NS074980, and NIH R01 NS089212. situations in which a single scalar-valued error metric is insufficient to describe the nuanced differences between different methods that can often appear in image reconstruction. A toy illustration of this is presented in Fig. 1 , which shows three images that each have very different characteristics but all have the same NRMSE value. In this work, we are inspired by the concepts of Fourier Ring Correlation (FRC) [4, 5] and Fourier Shell Correlation (FSC) [6] to develop a higher-dimensional quantitative assessment of error that provides deeper insight into the relative strengths and weaknesses of different biomedical image reconstruction approaches. FRC and FSC are techniques that were introduced in the electron microscopy literature to gauge the spatial resolution of an imaging system. These techniques operate by computing the Fourier-domain statistical correlation between two reconstructions of independent averages of the same image. These correlations are computed as a func- tion of radius in the Fourier domain (i.e., the Fourier domain is partitioned into rings about the origin in 2D or shells about the origin in 3D, and correlation is computed separately for each ring/shell), and the results are plotted as a function of spatial frequency radius. The spatial frequency at which these correlation curves drops below a certain threshold can be used to define a statistical notion of spatial resolution [7] . However, one important limitation of FRC and FSC is that they use normalized correlation and are therefore invariant to radiallysymmetric scaling errors. For example, applying a radiallysymmetric Gaussian blur to an image can substantially change the quality of the image, but will not change the FRC or FSC curves. This paper proposes the Fourier radial Error Spectrum Plot (ESP) for image quality assessment. Unlike common scalar error measures like NRMSE, SSIM, and HFEN but similar to FRC and FSC, our new ESP approach provides an extra dimension of insight that reveals frequency-dependent image quality variations. And unlike FRC and FSC, our new ESP approach is rooted in NRMSE rather than normalized correlation, and is therefore sensitive to important scaling differences that may exist between the gold standard and the reconstructed image.
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For illustration of the potential insight provided by the ESP approach, ESPs corresponding to the three images from Fig. 1 are shown in Fig. 2 . These ESPs reveal that even though the three images all have the same NRMSE value, they are definitely not equivalent to one another and each have their own strengths and weaknesses. In particular, the "ringing" image has the lowest relative error at low-frequencies, the "noisy" image has the lowest relative error in the midfrequency range, and the "blurred" image has the lowest relative error at high-frequencies. This kind of insight is potentially quite valuable when choosing between different image reconstruction methods.
The following sections describe the creation of the ESP and provide illustrative applications in MRI reconstruction.
CREATING THE FOURIER RADIAL ERROR SPECTRUM PLOT
There are several steps to computing our proposed ESP:
1. First, we compute Fourier representations of the error image and the gold-standard image. In some MRI applications, images are reconstructed in the Fourier domain and no extra effort is required. In other cases, it may be necessary to apply a discrete Fourier transform (DFT) to the image-domain representations, e.g.,
is an appropriate DFT operator, and k * ∈ C M and k err ∈ C M are respectively Fourier-domain representations of the gold-standard and the reconstruction error. Frequently, we will choose Fourier sampling locations such that the number of Fourier samples M is equal to the number of voxels N , though other choices are also possible. 
while the smoothing spline for the squared true signal samples is obtained by solvinĝ where λ is a regularization parameter. It has been proven that the solutions to these two optimization problems are natural cubic splines, which enables the optimization problem to be solved using relatively easy finite-dimensional computations.
4. Finally, the Fourier radial error spectrum is obtained as:
Note that this ratio mirrors the same basic form as NRMSE, taking the square-root of the ratio between some measure of mean-squared error and some measure of the squared value of the true signal.
ILLUSTRATIVE APPLICATION TO MRI RECONSTRUCTION
To illustrate the new insight provided by ESP, we consider a head-to-head comparison between two advanced MRI reconstruction methods: SENSE parallel imaging [10] combined with total variation regularization (SENSE-TV, [11] ), versus a combination of SENSE parallel imaging with low-rank modeling of local k-space neighborhoods (LORAKS) [12] [13] [14] (SENSE-LORAKS, [15] ). These two reconstruction approaches are both applied to retrospectively undersampled 12-channel k-space data corresponding to the T2-weighted brain image shown in Fig. 3(a,b) . This data was retrospectively undersampled using the 4.8×-accelerated partial Fourier sampling pattern shown in Fig. 3(c) .
Reconstruction results for these two reconstruction methods are shown in Fig. 4(a,b) . Qualitatively, we believe that the SENSE-TV results appear somewhat blurry, while the SENSE-LORAKS results appear sharp but noisy. The conventional error metrics, which are presented in Table 1 , seem to suggest that SENSE-LORAKS generally outperforms SENSE-TV with respect to NRMSE and HFEN for Table 1 . Conventional Error Metrics for SENSE-TV and SENSE-LORAKS.
this dataset but that SENSE-TV has a slight advantage with respect to SSIM. On the other hand, the ESPs shown in Fig. 5 enable a more nuanced comparison. In particular, SENSE-TV appears to have the lowest error at both the very lowest and very highest spatial frequencies, while SENSE-LORAKS has the lowest error across a broad range of middle frequencies. This observation is surprising and is not obvious from the conventional scalar error metrics, but becomes easily apparent when looking at the ESPs. These results help to confirm the potential new value offered by ESPs for comparing different image reconstruction methods.
It should also be noted that the insight provided by ESPs can be valuable for the development of improved image reconstruction methods. For example, our further analysis of SENSE-TV versus SENSE-LORAKS reconstruction suggests that the ESP characteristics for these two methods are fairly consistent across different slices in a multi-slice acquisition (results not shown due to space constraints). In particular, SENSE-TV was consistently better than SENSE-LORAKS at low-frequencies and high-frequencies, while the opposite was consistently true across a broad range of middle frequencies. This suggests that an optimized fusion of SENSE-TV and SENSE-LORAKS (which uses SENSE-TV results at low-and high-frequencies and otherwise uses SENSE-LORAKS results) may potentially outperform either reconstruction approach individually. One such fusion image is shown in Fig. 4(c) , and quantitative analysis confirms that it dominates both SENSE-TV and SENSE-LORAKS in terms of NRMSE (0.170), SSIM (0.804), and HFEN (0.212).
This example provides a potentially powerful way to use the new information provided by ESPs, yet only illustrates one such possibility. We expect that the research community will be able to find many other potential uses for this new quantitative error analysis tool.
CONCLUSION
This work proposed a novel error analysis tool for image quality assessment. Rather than the conventional approach in which error characteristics are summarized by a single scalar value, the ESP represents the errors as a spectrum that varies as a function of spatial-frequency. Although there is no universally best error metric (i.e., assessment of image quality is always subjective and/or context dependent), we believe that the ESP enables more nuanced insights into general image quality than are available from conventional measures. The proposed approach is expected to be useful in many different image reconstruction scenarios, and as our results demonstrate, it also enables new reconstruction approaches that have the potential to outperform conventional approaches by taking optimal account of the unique strengths and weaknesses of existing image reconstruction approaches. It should also be noted that while we only illustrated ESPs in the context of MRI reconstruction, we believe that the concept will be equally advantageous across a broad range of other biomedical imaging modalities.
